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THE ROHLIN PROPERTY FOR INCLUSIONS OF C∗-ALGEBRAS
WITH A FINITE WATATANI INDEX
HIROYUKI OSAKA∗, KAZUNORI KODAKA, AND TAMOTSU TERUYA
Abstract. We introduce notions of the Rohlin property and the approximate
representability for inclusions of unital C∗-algebras. We investigate a dual
relation between the Rohlin property and the approximate representability.
We prove that a number of classes of unital C∗-algebras are closed under
inclusions with the Rohlin property, including:
• AF algebras, AI algebras, AT algebras, and related classes characterized
by direct limit decomposition using semiprojective building blocks.
• C∗-algebras with stable rank one.
• C∗-algebras with real rank zero.
1. Introduction
A. Kishimoto [11], R. Herman and V. Jones [3], [4] investigated a class of finite
group actions with what we presently call the Rohlin property. After that a number
of results for group actions of C∗-algebras with the Rohlin property were found in
the literature (see [12], [13] , [14], [7], [17]).
In [7], M. Izumi introduced the Rohlin property and the approximate repre-
sentability for finite group actions. He proved that an action of a finite abelian
group has the Rohlin property if and only if its dual action is approximately rep-
resentable. We extend the notions of the Rohlin property and the approximate
representability for inclusions of unital C∗-algebras with finite Watatani index in
the sense of [22]. We investigate a dual relation between the Rohlin property and
the approximate representability. We prove that an inclusion has the Rohlin prop-
erty if and only if its dual inclusion is approximately representable. It contains that
an action of a finite group has the Rohlin property if and only if its dual action is
approximately representable as a finite dimensional C∗-Hopf algebra action. Note
that the dual action of an action of a non-commutative finite group is not an ac-
tion of some group though it is an action of some finite dimensional commutative
C∗-Hopf algebra.
In [16], H. Osaka and N. C. Phillips proved that crossed products by finite group
actions with the Rohlin property preserve various properties of C∗-algebras. Since
an action of a finite group with the Rohlin property is an outer action by [17,
Remark 1.4 and Lemma 1.5] and the crossed product algebra A⋊αG and the fixed
point algebra Aα by an outer action α of a finite group G are Morita equivalent,
we can immediately see that fixed point algebras by finite group actions with the
Rohlin property also preserve various properties of C∗-algebras by [16]. We extend
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their results and prove that a number of classes of unital C∗-algebras are closed
under inclusions with the Rohlin property, including:
• AF algebras, AI algebras, AT algebras, and related classes characterized by
direct limit decomposition using semiprojective building blocks.
• C∗-algebras with stable rank one.
• C∗-algebras with real rank zero.
This paper is organized as follows: In Section 2 we collect basic facts on Watatani
index theory for C*-algebras and finite group actions on C*-algebras with the Rohlin
property.
In section 3 we introduce the Rohlin property and the approximately repre-
sentability for conditional expectations and deduce basic properties of conditional
expectations possessing it. Let G be a finite group, α an action of G on a unital
simple C∗-algebra A, and E the canonical conditional expectation from A onto the
fixed point algebra Aα. We prove that α has the Rohlin property if and only if E
has the Rohlin property. We prove that if an inclusion has a conditional expecta-
tion with the Rohlin property, then it is the unique conditional expectation of its
inclusion. So the property that a conditional expectation has the Rohlin property
is actually a property of its inclusion.
In section 4 we construct an inclusion A ⊃ P with the Rohlin property such that
P is not the fixed point algebra Aα for any finite group action α with the Rohlin
property.
In section 5 we prove that inclusions with the Rohlin property preserve various
properties of C∗-algebras which generalize results of [16].
2. Preliminaries
In this section we collect notations and basic facts which will be used in this
paper.
2.1. Index theory for C*-algebras.
2.1.1. Watatani index for C∗-algebras. We introduce an index in terms of a quasi-
basis following Watatani [22].
Definition 2.1. Let A ⊃ P be an inclusion of unital C*-algebras with a conditional
expectation E from A onto P .
(1) A quasi-basis for E is a finite set {(ui, vi)}
n
i=1 ⊂ A×A such that for every
a ∈ A,
a =
n∑
i=1
uiE (via) =
n∑
i=1
E (aui) vi.
(2) When {(ui, vi)}
n
i=1 is a quasi-basis for E, we define IndexE by
IndexE =
n∑
i=1
uivi.
When there is no quasi-basis, we write IndexE = ∞. IndexE is called the
Watatani index of E.
Remark 2.2. We give several remarks about the above definitions.
(1) IndexE does not depend on the choice of the quasi-basis in the above for-
mula, and it is a central element of A [22, Proposition 1.2.8].
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(2) Once we know that there exists a quasi-basis, we can choose one of the form
{(wi, w
∗
i )}
m
i=1, which shows that IndexE is a positive element [22, Lemma
2.1.6].
(3) By the above statements, if A is a simple C∗-algebra, then IndexE is a
positive scalar.
(4) Let {(ui, vi)}
n
i=1 be a quasi-basis for E. If A acts on a Hilbert space H
faithfully, then we can define the map E−1 from P ′ ∩B(H) to A′ ∩ B(H)
by E−1(x) =
∑n
i=1 uixvi for x in P
′∩B(H). In fact, for any x ∈ P ′∩B(H)
and a ∈ A
E−1(x)a =
n∑
i=1
uixvia
=
n∑
i,j=1
uixE(viauj)vj
=
n∑
i,j=1
uiE(viauj)xvj
=
n∑
j=1
aujxvj = aE
−1(x).
(5) If IndexE < ∞, then E is faithful, that is, E(x∗x) = 0 implies x = 0 for
x ∈ A.
2.1.2. C∗-basic construction. In this subsection, we recall Watatani’s notion of the
C∗-basic construction.
Let E : A → P be a faithful conditional expectation. Then AP (= A) is a pre-
Hilbert module over P with a P -valued inner product
〈x, y〉P = E(x
∗y), x, y ∈ AP .
We denote by EE and ηE the Hilbert P -module completion of A by the norm
‖x‖P = ‖〈x, x〉P ‖
1
2 for x in A and the natural inclusion map from A into EE . Then
EE is a Hilbert C
∗-module over P . Since E is faithful, the inclusion map ηE from A
to EE is injective. Let LP (EE) be the set of all (right) P -module homomorphisms
T : EE → EE with an adjoint right P -module homomorphism T
∗ : EE → EE such
that
〈Tξ, ζ〉 = 〈ξ, T ∗ζ〉 ξ, ζ ∈ EE .
Then LP (EE) is a C
∗-algebra with the operator norm ‖T ‖ = sup{‖Tξ‖ : ‖ξ‖ = 1}.
There is an injective ∗-homomorphism λ : A→ LP (EE) defined by
λ(a)ηE(x) = ηE(ax)
for x ∈ AP and a ∈ A, so that A can be viewed as a C
∗-subalgebra of LP (EE).
Note that the map eP : AP → AP defined by
eP ηE(x) = ηE(E(x)), x ∈ AP
is bounded and thus it can be extended to a bounded linear operator, denoted by
eP again, on EE . Then eP ∈ LP (EE) and eP = e
2
P = e
∗
P ; that is, eP is a projection
in LP (EE). A projection eP is called the Jones projection of E.
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The (reduced) C∗-basic construction is a C∗-subalgebra of LP (EE) defined to be
C∗r 〈A, eP 〉 = span{λ(x)ePλ(y) ∈ LP (EE) : x, y ∈ A }
‖·‖
Remark 2.3. Watatani proved the following in [22]:
(1) IndexE is finite if and only if C∗r 〈A, eP 〉 has the identity (equivalently
C∗r 〈A, eP 〉 = LP (EE)) and there exists a constant c > 0 such that E(x
∗x) ≥
cx∗x for x ∈ A, i.e., ‖x‖2P ≥ c‖x‖
2 for x in A by [22, Proposition 2.1.5].
Since ‖x‖ ≥ ‖x‖P for x in A, if IndexE is finite, then EE = A.
(2) If IndexE is finite, then each element z in C∗r 〈A, eP 〉 has a form
z =
n∑
i=1
λ(xi)ePλ(yi)
for some xi and yi in A.
(3) Let C∗max〈A, eP 〉 be the unreduce C
∗-basic construction defined in Defini-
tion 2.2.5 of [22], which has the certain universality (cf.(5)). If IndexE is
finite, then there is an isomorphism from C∗r 〈A, eP 〉 onto C
∗
max〈A, eP 〉 ([22,
Proposition 2.2.9]). Therefore we can identify C∗r 〈A, eP 〉 with C
∗
max〈A, eP 〉.
So we call it the C∗-basic construction and denote it by C∗〈A, eP 〉. More-
over we identify λ(A) with A in C∗〈A, ep〉(= C
∗
r 〈A, eP 〉) and we denote
C∗〈A, ep〉 = {
n∑
i=1
xieP yi : xi, yi ∈ A, n ∈ N}.
(4) If IndexE is finite, then IndexE is a central invertible element of A and
there is the dual conditional expectation Eˆ from C∗〈A, eP 〉 onto A such
that
Eˆ(xeP y) = (IndexE)
−1xy for x, y ∈ A
by [22, Proposition 2.3.2]. Moreover, Eˆ has a finite index and faithfulness.
(5) Suppose that IndexE is finite and A acts on a Hilbert space H faithfully
and e is a projection on H such that eae = E(a)e for a ∈ A. If a map
P ∋ x 7→ xe ∈ B(H) is injective, then there exists an isomorphism pi from
the norm closure of a linear span of AeA to C∗〈A, eP 〉 such that pi(e) = eP
and pi(a) = a for a ∈ A [22, Proposition 2.2.11].
The next lemma is very useful.
Lemma 2.4. Let A ⊃ P be an inclusion of unital C*-algebras with a conditional
expectation E from A onto P . If IndexE is finite, then for each element z in the C∗-
basic construction C∗〈A, eP 〉, there exists an element a in A such that zeP = aeP .
In fact,
zeP = (IndexE)Eˆ(zeP )eP .
Proof. For each z ∈ C∗〈A, eP 〉 there are elements xi, yi ∈ A such that z =∑n
i=1 xieP yi. Then zeP =
∑
i xieP yieP =
∑
i xiE(yi)eP , i.e., a =
∑
i xiE(yi) ∈ A.
On the other hand, Eˆ(zeP ) = (IndexE)
−1
∑
i xiE(yi) by Remark 2.3 (3) and hence
we have a = (IndexE)Eˆ(xeP ).
Definition 2.5. Let A ⊃ P be a inclusion of unital C∗-algebras with a finite index
and let Q be a C∗-subalgebra of P . Q is said to be a tunnel construction for the
inclusion A ⊃ P if A is the basic construction for the inclusion P ⊃ Q.
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In the factor case, a tunnel construction always exists for any index finite sub-
factor [10]. But an inclusion of C∗-algebras does not have a tunnel construction
in general. We shall give a necessary and sufficient condition for an existence of a
tunnel construction in the next proposition.
Proposition 2.6. Let A ⊃ P be an inclusion of unital C∗-algebras and E a
conditional expectation from A onto P with IndexE <∞. If there is a projection
e ∈ A such that E(e) = (IndexE)−1, then we have
ePe = Qe, Q = P ∩ {e}′
In particular, if e is a full projection, i.e., there are elements xi, yi of A such that∑n
i=1 xieyi = 1, then Q is a tunnel construction for A ⊃ P such that e is the Jones
projection for P ⊃ Q.
Proof. Let eP be the Jones projection for E. Then eP eeP = E(e)ep = (IndexE)
−1
eP .
We shall prove that eeP e = (IndexE)
−1e. Put f = (IndexE)eeP e. Then it is easy
to see that f is a projection and f ≤ e. Let Eˆ be the dual conditional expectation
of E. Then Eˆ(e − f) = 0. And hence we have f = e by the faithfulness of Eˆ and
eeP e = (IndexE)
−1e.
Let F be a linear map on P defined by F (x) = (IndexE)E(exe). We shall prove
exe = F (x)e = eF (x) for x ∈ P . Since eeP e = (IndexE)
−1e, we have for x ∈ P
eF (x)eP = e(IndexE)E(exe)eP
= e(IndexE)eP (exe)eP
= (IndexE)(eeP e)xeeP = exeeP
and hence eF (x)eP = exeeP . Then using Remark 2.3 (3) we have
eF (x) = (IndexE)Eˆ(eF (x)eP )
= (IndexE)Eˆ(exeeP ) = exe.
Moreover F (x)e = (eF (x∗))∗ = (ex∗e)∗ = exe, and hence exe = F (x)e = eF (x).
Let Q be the C∗-subalgebra of P defined by Q = P ∩ {e}′. We saw F (x) ∈ Q
for any x ∈ P . Conversely if x is an element of Q, then F (x) = (IndexE)E(exe) =
(IndexE)E(e)x = x. Therefore F is a conditional expectation from P onto Q and
ePe = Qe. If xe = 0 for some x ∈ Q, then x = (IndexE)E(e)x = (IndexE)E(xe) =
0 and hence a map Q ∋ x 7→ xe ∈ Qe is injective. By Remark 2.3 (5), the norm
closure of the linear span {xey : x, y ∈ P} is the basic construction for P ⊃ Q. For
any a ∈ A
ae = (IndexE)Eˆ(ePae)
= (IndexE)2Eˆ(eP aeeP e)
= (IndexE)2Eˆ(E(ae)eP e) = (IndexE)E(ae)e,
and hence Ae = Pe. Similarly, we have eA = eP . If e is a full projection, then
A = the linear span of {xey : x, y ∈ A}
= the linear span of {xey : x, y ∈ P}.
So A is the basic construction for the inclusion P ⊃ Q with the Jones projection e.
It means that Q is a tunnel construction for A ⊃ P .
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2.2. Finite group actions on C∗-algebras with the Rohlin property. For a
C∗-algebra A, we set
c0(A) = {(an) ∈ l
∞(N, A) : lim
n→∞
‖an‖ = 0}
A∞ = l∞(N, A)/c0(A).
We identify A with the C∗-subalgebra of A∞ consisting of the equivalence classes
of constant sequences and set
A∞ = A
∞ ∩ A′.
For an automorphism α ∈ Aut(A), we denote by α∞ and α∞ the automorphisms
of A∞ and A∞ induced by α, respectively.
Izumi defined the Rohlin property for a finite group action in [7, Definition 3.1]
as follows:
Definition 2.7. Let α be an action of a finite group G on a unital C∗-algebra A. α
is said to have the Rohlin property if there exists a partition of unity {eg}g∈G ⊂ A∞
consisting of projections satisfying
(αg)∞(eh) = egh for g, h ∈ G.
We call {eg}g∈G Rohlin projections.
The next lemma is essentially contained in [17, Lemma 1.5]. But we give a short
proof of it for the self-contained.
Lemma 2.8. Let α be an action of a finite group G on a unital C∗-algebra A. If
α has the Rohlin property, then α is an outer action.
Proof. Suppose that g is not the unit element of G. If αg is an inner automorphism
Adu for some unitary element u in A, then (αg)∞(eh) = uehu
∗ = eh for h in G
since eh ∈ A∞ = A
′ ∩A∞. Hence if αg has the Rohlin property, then αg is outer.
Let A ⊃ P be an inclusion of unital C∗-algebras. For a conditional expectation E
fromA onto P , we denote byE∞, the natural conditional expectation from A∞ onto
P∞ induced by E. If E has a finite index with a quasi-basis {(ui, vi)}
n
i=1, then E
∞
also has a finite index with a quasi-basis {(ui, vi)}
n
i=1 and Index(E
∞) = IndexE.
Proposition 2.9. Let α be an action of a finite group G on a unital C∗-algebra A
and E the canonical conditional expectation from A onto the fixed point algebra
P = Aα defined by
E(x) =
1
#G
∑
g∈G
αg(x) for x ∈ A,
where #G is the order of G. Then α has the Rohlin property if and only if there
is a projection e ∈ A∞ such that E
∞(e) = 1#G · 1, where E
∞ is the conditional
expectation from A∞ onto P∞ induced by E.
Proof. Suppose that α has the Rohlin property with a partition of unity {eg}g∈G ⊂
A∞ consisting of projections satisfying
(αg)∞(eh) = egh for g, h ∈ G.
Then
E∞(e1) =
1
#G
∑
g∈G
(αg)∞(e1) =
1
#G
∑
g∈G
eg =
1
#G
· 1,
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where e1 is the projection in the partition of unity {eg}g∈G which corresponds to
the unit element of G.
Conversely, suppose that there is a projection e ∈ A∞ such that E
∞(e) = 1#G ·1.
Define eg = (αg)∞(e) ∈ A∞ for g ∈ G. Then∑
g∈G
eg = #GE(e) = 1,
i.e., {eg}g∈G ⊂ A∞ is a partition of unity. It is obvious that (αg)∞(eh) = egh for
g, h ∈ G. Hence α has the Rohlin property.
3. Conditional expectations of unital C∗-algebras with the Rohlin
property
Definition 3.1. A conditional expectation E of a unital C∗-algebra A with a
finite index is said to have the Rohlin property if there exists a projection e ∈ A∞
satisfying
E∞(e) = (IndexE)−1 · 1
and a map A ∋ x 7→ xe is injective. We call e a Rohlin projection.
Proposition 3.2. Let G be a finite group, α an action of G on a unital simple
C∗-algebra A, and E the canonical conditional expectation from A onto the fixed
point algebra Aα. Then α has the Rohlin property if and only if E has the Rohlin
property.
Proof. Suppose that α has the Rohlin property. By [9, Theorem 4.1 and Remark
4.6], α is saturated and IndexE is finite. The simplicity of A implies that the map
A ∋ x 7→ xe is injective. So we have that E has the Rohlin property by Proposition
2.9. Conversely, if E has the Rohlin property, then α has the Rohlin property by
Proposition 2.9.
Definition 3.3. A conditional expectation E from a unital C∗-algebra A onto
P with a finite index is said to be approximately representable if there exists a
projection e ∈ P∞ satisfying for any x ∈ A
exe = E(x)e
and a map P ∋ x 7→ xe is injective.
Proposition 3.4. Let A ⊃ P be an inclusion of unital C∗-algebras and E a
conditional expectation from A onto P with a finite index. Let B be the basic
construction for A ⊃ P and Eˆ the dual conditional expectation of E from B onto
A. Then
(1) E has the Rohlin property if and only if Eˆ is approximately representable;
(2) E is approximately representable if and only if Eˆ has the Rohlin property.
Proof. (1): Let eP be the Jones projection for the inclusion A ⊃ P . Suppose that
E has the Rohlin property with a Rohlin projection e ∈ A∞. Then
eP eeP = E
∞(e)eP = (IndexE)
−1
eP in B
∞.
Let f be an element in B∞ defined by f = (IndexE)eeP e. It is easy to see that f
is a projection and f ≤ e. Since Eˆ∞(e − f) = e − (IndexE)eEˆ(eP )e = e − e = 0,
we have f = e by the faithfulness of Eˆ∞, and hence eeP e = (IndexE)
−1
e. Since
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Eˆ is determined by Eˆ(xeP y) = (IndexE)
−1
xy for x and y in A, we have for any
element z in B
eze = Eˆ(z)e,
and the map A ∋ x 7→ xe ∈ Ae for x ∈ A is injective by the definition of the Rohlin
property. Therefore Eˆ is approximately representable.
Conversely, suppose that Eˆ is approximately representable with a projection
e ∈ A∞ satisfying that eze = Eˆ(z)e for any z in B and a map A ∋ x 7→ xe ∈ Ae
for x ∈ A is injective. Then we have
eeP e = Eˆ(eP )e = (IndexE)
−1
e.
Define an element w in B∞ by w = (IndexE)eP eeP . Then
Eˆ∞(eP − w)e = e(eP − w)e = eeP e− (IndexE)eeP (eeP e) = 0.
By the faithfulness of Eˆ∞ and the injectivity of the map x 7→ xe for x ∈ A, we have
w = eP , i.e., eP eeP = (IndexE)
−1eP . Since E
∞(e)eP = eP eeP = (IndexE)
−1eP ,
we have E∞(e) = (IndexE)
−1
. Hence E has the Rohlin property.
(2): Suppose that E is approximately representable with a projection e ∈ P∞
satisfying that exe = E(x)e for any x in A. Let {(ui, vi)}
n
i=1 be a quasi-basis for
E. Define an element f in B∞ by
f =
n∑
i=1
uieeP vi
(
= (E∞)−1(eeP )
)
.
It is easy to see that f is a projection and commutes with elements of A by Re-
mark 2.2 (4). f also commutes with eP . In fact, since eeP = eP e, we have
feP =
n∑
i=1
uieeP vieP
=
n∑
i=1
uieE(vi)eP =
n∑
i=1
uiE(vi)eeP = eeP
and
eP f =
n∑
i=1
ePuieePvi
=
n∑
i=1
ePuieP evi =
n∑
i=1
eePE(ui)vi = eeP .
Therefore f is an element in B′ ∩ B∞ = B∞ since B is generated by A and eP .
By Remark 2.3 (5), there exists an isomorphim pi from B onto C∗〈A, e〉 such that
pi(eP ) = e and pi(a) = a for a ∈ A. So we have
(E∞)−1(e) =
n∑
i=1
uipi(eP )vi = pi
(
n∑
i=1
uieP vi
)
= 1
and
Eˆ∞(f) =
n∑
i=1
uieEˆ(eP )vi
= (IndexE)−1(E∞)−1(e) = (IndexE)−1 · 1.
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Suppose that xf = 0 for some x ∈ B. Let C∗〈A, eP , e〉 be a C
∗-algebra generated
by A, eP , and e in B
∞. Let ϕ be an automorphism on C∗〈A, eP , e〉 defined by
ϕ(a) = a for a ∈ A, ϕ(eP ) = e, and ϕ(e) = eP . Since ϕ(f) = f and ϕ(x) = pi(x) for
x ∈ B, we have 0 = ϕ(xf) = pi(x)f . Since pi(x) ∈ A∞, we have 0 = Eˆ∞(pi(x)f) =
pi(x)Eˆ∞(f) = (IndexE)−1pi(x). Hence x = 0, i.e., the map B ∋ x 7→ xf ∈ Bf is
an injective map. Therefore Eˆ has the Rohlin property with a projection f ∈ B∞.
Conversely, suppose that Eˆ has the Rohlin property with a Rohlin projection
f ∈ B∞. Define an element e in A
∞ by e = (IndexE)Eˆ∞(feP ). Using the fact
that feP = eP f = (IndexE)Eˆ
∞(feP )eP by Lemma 2.4, we have
e2 = (IndexE)2Eˆ∞(feP )Eˆ
∞(feP )
= (IndexE)Eˆ∞((IndexE)Eˆ∞(feP )eP f)
= (IndexE)Eˆ∞(feP ) = e,
and hence e is a projection in A∞. There exists an element x in P∞ such that
feP = xeP since
feP = eP feP ∈ ePB
∞eP = (ePBeP )
∞
= (PeP )
∞ = P∞eP .
Then we have
e = (IndexE)Eˆ∞(feP ) = (IndexE)Eˆ
∞(xeP ) = (IndexE)xEˆ(eP ) = x.
Hence e ∈ P∞ and feP = eeP . Since e commutes with any element in P , we have
e ∈ P∞. For any a ∈ A
eae = (IndexE)2Eˆ∞(feP )aEˆ
∞(feP )
= (IndexE)2Eˆ∞(Eˆ∞(feP )afeP )
= (IndexE)Eˆ∞((IndexE)Eˆ∞(fePa)eP f)
= (IndexE)Eˆ∞(fePaeP f) (by Lemma 2.4)
= (IndexE)Eˆ∞(fE(a)eP f)
= E(a)(IndexE)Eˆ∞(feP ) = E(a)e.
Suppose that xe = 0 for some x ∈ P . Since eeP = fep, xfeP = (xeP )f = 0
and xeP = 0 by the injectivity of the map B ∋ y 7→ yf ∈ Bf . Hence x = 0 by
the injectivity of the map P ∋ x 7→ xeP ∈ PeP . Therefore E is approximately
representable.
Proposition 3.5. Let A ⊃ P be an inclusion of unital C*-algebras and E a con-
ditional expectation from A onto P with a finite index. If E is approximately
representable, then P ′ ∩ A ⊂ P .
Proof. Let e be a projection in P∞ such that exe = E(x)e for x in A. If x is an
element in P ′ ∩ A, then x also commutes with e. Hence xe = exe = E(x)e. Since
a map y ∋ P 7→ ye ∈ Pe is injective, there is an isomorphism pi from the basic
construction C∗〈A, eP 〉 onto C
∗〈A, e〉 by Remark 2.3 (5). Then
xeP = xpi(e) = pi(xe) = pi(exe)
= pi(E(x)e) = E(x)pi(e) = E(x)eP .
Therefore x = E(x) ∈ P .
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Remark 3.6. If a conditional expectation E : A → P is approximately repre-
sentable, then E is the unique conditional expectation from A onto P by [22, Corol-
lary 1.4.3]. In other words, the property that E is approximately representable is
actually a property of the inclusion A ⊃ P . By Proposition 3.4, the property that
E has the Rohlin property is actually a property of the inclusion A ⊃ P . So we
call A ⊃ P an inclusion with the Rohlin property.
When an inclusion A ⊃ P has a finite index, if P is simple, then A is a finite
direct sum of simple closed two-sided ideals by [6, Theorem 3.3]. Therefore the
above propositions immediately implies the following:
Corollary 3.7. Let A ⊃ P be an inclusion of unital C*-algebras and E a condi-
tional expectation from A onto P with a finite index. If E is approximately repre-
sentable and P is simple, then A ⊃ P is an irreducible inclusion, i.e., P ′ ∩ A ∼= C
and A is simple.
Proof. By Proposition 3.5, we have P ′ ∩ A ⊂ P ′ ∩ P ∼= C by the simplicity of P .
On the other hand, A′ ∩ A ⊂ P ′ ∩ A ∼= C and hence A is simple by [6, Theorem
3.3].
Corollary 3.8. Let E be a conditional expectation from a unital C*-algebra A
onto P with a finite index. If E has the Rohlin property and A is simple, then
A ⊃ P is an irreducible inclusion and P is simple.
Proof. By Proposition 3.4, the dual conditional expectation Eˆ ofE is approximately
representable. Therefore the inclusion C∗〈A, eP 〉 ⊃ A is irreducible and C
∗〈A, eP 〉
is simple by Corollary 3.7. Since A′ ∩ C∗〈A, eP 〉 is isomorphic to P
′ ∩ A as linear
spaces (see the proof of Proposition 3.11 of [8]), A ⊃ P is irreducible. The simplicity
of P comes from [22, Corollary 2.2.14].
4. Examples
In this section we shall construct examples of inclusions of C∗-algebras with the
Rohlin property.
Proposition 4.1. Let Q be a unital simple C∗-algebra and α an action of a finite
group G on Q with Rohlin projections {eg}g∈G. Let H be a subgroup of G and
P ⊂ A the inclusion of fixed point algebras QG ⊂ QH . Then P ⊂ A has the Rohlin
property with a Rohlin projection eH =
∑
h∈H eh.
Proof. Let E be the canonical conditional expectation from Q onto P defined by
E(x) =
1
|G|
∑
g∈G
αg(x), x ∈ Q.
Since E(eg) =
1
|G|
for any g ∈ G, we have
E(eH) =
∑
h∈H
E(eh) =
|H |
|G|
.
Let EH be the conditional expectation from Q onto A defined by
EH(x) =
1
|H |
∑
h∈H
αh(x), x ∈ Q.
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It is easy to see that E∞H (eH) = eH ∈ A
∞ since α∞g (eh) = α
∞(egh). By the
definition of Rohlin projections we have eg ∈ Q
′ ∩ Q∞ ⊂ A′ ∩ Q∞ and hence
eH ∈ A
′ ∩ A∞. Let F be the conditional expectation from A onto P defined by
F (x) = E(x) for x in A. Since IndexE = |G| and IndexEH = |H | and E = F ◦EH ,
IndexF =
|G|
|H |
by the multiplicity of the index ([22, Proposition 1.7.1]). We have
F (eH) =
1
IndexF
and the inclusion A ⊃ P has the Rohlin property.
Remark 4.2. With the above notation if H is not a normal subgroup of G, then
it is easy to see that the depth of A ⊃ P is not two (cf. [21, Teorem 4.6]). In
particular, P is not the fixed point algebra Aα for any finite group action α with
the Rohlin property.
5. Inclusions of C∗-algebras with the Rohlin property
In [16], Osaka and Phillips proved that crossed products by finite group actions
with the Rohlin property preserve various properties of C∗-algebras. In this section,
we extend their result and prove that inclusions with the Rohlin property preserve
various properties of C∗-algebras.
Lemma 5.1. Let A ⊃ P be an inclusion of unital C*-algebras and E a conditional
expectation from A onto P with a finite index. If E has the Rohlin property with
a Rohlin projection e ∈ A∞, then for any x ∈ A
∞ there exists the unique element
y of P∞ such that xe = ye.
Proof. Let eP be the Jones projection for the inclusion A ⊃ P . By the proof of
Proposition 2.6, we have eeP e = (IndexE)
−1e. Therefore for any element x in A∞
xe = (IndexE)Eˆ∞(ePxe)
= (IndexE)2Eˆ∞(ePxeeP e)
= (IndexE)2Eˆ∞(E∞(xe)eP e) = (IndexE)E
∞(xe)e,
where Eˆ is the dual conditional expectation for E. Put y = (IndexE)E∞(xe) ∈ P∞.
Then we have xe = ye.
Suppose that ye = ze for y, z ∈ P∞. Then
z = (IndexE)E∞(e)z = (IndexE)E∞(ez) = (IndexE)E∞(ey) = y.
Therefore we obtain the uniqueness of y.
Remark 5.2. Let D be the C∗-subalgebra of P∞ defined by D = {e}′ ∩ P∞. By
Proposition 2.6, we have eP∞e = De. Moreover, eA∞e = De by the above lemma.
Theorem 5.3. Let A ⊃ P be an inclusion of separable unital C*-algebras and E
a conditional expectation from A onto P with a finite index. If A is an AF algebra
and E has the Rohlin property, then P is also an AF algebra.
Proof. We shall prove that for every finite set S ⊂ P and every ε > 0, there is a finite
dimensional C∗-subalgebra Q of P such that every element of S is within ε of an
element of Q. Since A is an AF algebra and S ⊂ P ⊂ A, there is a finite dimensional
C∗-subalgebra R of A such that every element of S is within ε4 of an element of
R. Let {e
(r)
ij } be a system of matrix units of R
∼=
⊕
Mnr . Since e commutes with
each element of A and a map A ∋ x→ xe ∈ Ae is injective, {e
(r)
ij e} is also a system
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of matrix units of type R. Since Ae = eAe ⊂ eA∞e, , there are elements p
(r)
ij of
D = {e}′ ∩ P∞ such that e
(r)
ij e = p
(r)
ij e by Lemma 5.1 and Remark 5.2. By the
uniqueness of p
(k)
ij , {p
(r)
ij } is a system of matrix units of type R. For every (i, j, r), let
(p
(r)
ijk)
∞
k=1 be a sequence of P such that p
(r)
ij = (p
(r)
ijk)
∞
k=1+c0(A). For every x ∈ S, let
xR =
∑
i,j,r x
(r)
ij e
(r)
ij ∈ R, x
(r)
ij ∈ C such that ‖x− x
R‖ < ε4 . Let x
∞ be the element
of P∞ defined by x∞ =
∑
i,j,r x
(r)
ij p
(r)
ij . For each k ∈ N, we define x
∞
k as the element
of P by x∞k =
∑
i,j,r x
(r)
ij p
(r)
ijk. Since ‖x−x
R‖ = ‖xe−xRe‖ = ‖xe−x∞e‖ = ‖x−x∞‖
by the injectivity of a map D ∋ x→ xe ∈ De, we have ‖x− x∞‖ < ε4 and hence
lim sup
k→∞
‖x− x∞k ‖ <
ε
4
.
Since {p
(r)
ij } is a system of matrix units of type R, we have
lim sup
k→∞
‖p
(r)
ijkp
(s)
mnk − δrsδjmp
(r)
ink‖ = 0.
Choose δ > 0 according to [5, Lemma 1.10] for R and for ε/(2 dim(R)). There is
k0 ∈ N such that {p
(r)
ijk0
} is a set of approximate matrix units of type R within δ in P
and ‖x−x∞k0‖ <
ε
2 for every x in S. Then there is a set {f
(r)
ij } of exact matrix units
of type R in P with ‖f
(r)
ij − p
(r)
ijk0
‖ < ε/(2 dim(R)). Put x0 =
∑
i,j,r x
(r)
ij f
(r)
ij ∈ P .
Since ‖x∞k0 − x0‖ <
ε
2 , we have
‖x− x0‖ ≤ ‖x− x
∞
k0
‖+ ‖x∞k0 − x0‖
≤
ε
2
+
ε
2
= ε.
So we can choose a finite dimensional C∗-algebra Q generated by {f
(r)
ij } ⊂ P .
Therefore P is an AF algebra.
Following [16], we introduce several notations to describe the local approximate
characterizations of the classes of direct limit algebras constructed using some com-
mon families of semiprojective building blocks.
Definition 5.4. Let C be a class of separable unital C∗-algebaras. Then C is finitely
saturated if the following closure conditions hold:
(1) If A ∈ C and B ∼= A, then B ∈ C.
(2) If A1, A2, . . . , An ∈ C then
⊕n
k=1 Ak ∈ C.
(3) If A ∈ C and n ∈ N, then Mn(A) ∈ C.
(4) If A ∈ C and p ∈ A is a nonzero projection, then pAp ∈ C.
Moreover, the finite saturation of a class C is the smallest finitely saturated class
which contains C.
Definition 5.5. Let C be a class of separable unital C∗-algebras. We say that C
is flexible if :
(1) For every A ∈ C, every n ∈ N, and every nonzero projection p ∈ Mn(A),
the corner pMn(A)p is semiprojective in the sense of Definition 14.1.3 of
[15], and is finitely generated.
(2) For every A ∈ C and every ideal I ⊂ A, there is an increasing sequence
I0 ⊂ I1 ⊂ · · · of ideals in A such that ∪∞n=0In = I, and such that for every
n the C∗-algebra A/In is in the finite saturation of C.
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Definition 5.6. Let C be a class of separable unital C∗-algebras. A unital local
C-algebra is a separable unital C∗-algebra such that for every finite set S ⊂ A and
every ε > 0, there are a C∗-algebra B in the finite saturation of C and a unital
homomorphism ϕ : B → A such that dist(a, ϕ(B)) < ε for all a ∈ S.
Theorem 5.7. Let C be any flexible class of separable unital C∗-algebras. Let
A ⊃ P be a finite index inclusion with the Rohlin property. If A is a unital local
C-algebra, then P is also a unital local C-algebra.
Proof. We shall prove that for every finite set S ⊂ P and every ε > 0, there are a
C∗-algebra Q in the finite saturation of C and a unital homomorphism ϕ : Q→ P
such that S is within ε of an element of ϕ(Q).
Since A is a unital local C-algebra, for finite set S ⊂ P ⊂ A and ε2 > 0, there is
a C∗-algebra Q in the finite saturation of C and a unital homomorphism ρ : Q→ A
such that S is within ε2 of an element of ρ(Q). As in the proof of Theorem 5.3,
Ae = eAe ⊂ eA∞e = De, where e is a Rohlin projection for the inclusion A ⊃ P
and D = {e}′ ∩ P∞. By Lemma 5.1, we can define a map β : A → D such that
ae = β(a)e for a ∈ A. It is easy to see that β is a unital injective homomorphism
and β(x) = x for x ∈ P . So we can define a unital homomorphism ϕ∞ : Q→ P∞
by ϕ∞(q) = β(ρ(q)). Since ‖x − a‖ = ‖β(x) − β(a)‖ = ‖x − β(a)‖ for x ∈ S and
a ∈ A, we know that S is within ε2 of an element of ϕ
∞(Q).
For n ∈ N, let In be an ideal of l
∞(N, P ) defined by
In = {(ak)
∞
k=1 ∈ l
∞(N, P ) : ak = 0 for k > n}.
Then {In} is an increasing chain of ideals in l
∞(N, P ) and c0(P ) =
⋃
In. Since
C is flexible, Q has the semiprojectivity. By the definition of the semiprojectivity
(Definition 14.1.3 in [15]), there exist n ∈ N and ϕ¯ so that the diagram
l∞(N, P )/In
ϕ¯
ր ↓
Q
ϕ∞
−→ P∞
commutes. For each k ∈ N, let ϕk be a map fromQ to P so that ϕ¯(q) = (ϕk(q))
∞
k=1+
In for q ∈ Q. By the above commutative diagram, we have ϕ
∞(q) = (ϕk(q))
∞
k=1 +
c0(P ) and ϕk is a homomorphism for k > n. For x ∈ S, we can choose qx ∈ Q such
that ‖x− ϕ∞(qx)‖ <
ε
2 . Then we have
lim sup
k→∞
‖x− ϕk(qx)‖ <
ε
2
.
Since S is a finite set, there exists k0 > n such that ‖x− ϕk0(qx)‖ < ε for every x
in S. Therefore P is a unital local C-algebra.
We have the following result.
Corollary 5.8. Let A ⊃ P be an inclusion of separable unital C∗-algebras with
the Rohlin property.
(1) If A is a unital AI algebra, as defined in Example 2.2 in [16], then P is a
unital AI algebra.
(2) If A is a unital AT algebra, as defined in Example 2.3 in [16], then P is a
unital AT algebra.
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(3) If A is a unital AD algebra, as defined in Example 2.4 in [16], then P is a
unital AD algebra.
(4) If A is a unital countable direct limit of one dimensional noncommutative
CW complexes (Definition 2.5 in [16]), then so is P .
Proof. Since the relevant classes are flexible by [16], we may apply Theorem 5.7.
The notion of topological stable rank for a C∗-algebra A, denoted by tsr(A),
was introduced by Rieffel, which generalized the concept of the dimension of a
topological space [18]. A unital C∗-algebra A has topological stable rank one if the
set of invertible elements of A is dense in A. We have the following result.
Theorem 5.9. Let A ⊃ P be an inclusion of unital C∗-algebras with the Rohlin
property. If tsr(A) = 1, then tsr(P ) = 1.
Proof. We shall prove that for every element x of P and every ε > 0, there is an
invertible element y of P such that ‖x− y‖ < ε.
So fix x ∈ P and ε > 0. Since tsr(A) = 1 and x ∈ P ⊂ A, there is an invertible
element a ∈ A such that ‖x − a‖ < ε2 . Let β : A → D = {e}
′ ∩ P∞ be the
injective homomorphism defined in the proof of Theorem 5.7, where e is the Rohlin
projection in A∞. Since β(x) = x, we have ‖x−β(a)‖ <
ε
2 . Let (an) be a sequence
of elements in P so that β(a) = (an) + c0(P ). Then we have
lim sup
n→∞
‖x− an‖ <
ε
2
.
Since a is invertible element in A, so is β(a) = (an)+ c0(P ) in P
∞. Therefore there
is k ∈ N such that ak is an invertible element in P and ‖x− ak‖ < ε.
The theory of real rank for C∗-algebra, developed by Brown and Pedersen [2],
formally resembles the theory of topological stable rank, but there are important
differences under the surface. On the other hand, the real rank zero property is one
of the most significant properties that a C∗-algebra can have. A unital C∗-algebra
A has real rank zero if the set of invertible self-adjoint elements of A is dense in
the set of self-adjoint elements of A. We have, then, the following theorem. Since
its proof is very similar to the proof of Theorem 5.9, we omit it.
Theorem 5.10. Let A ⊃ P be an inclusion of unital C∗-algebras with the Rohlin
property. If A has real rank zero, then P has real rank zero.
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